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Abstract
This paper examines the influence of imperfect knowledge of the local subsoil conditions on the
prediction of building response to ground-borne vibration. The focus is on problems of environ-
mental ground vibration in the wide frequency range between 1 Hz and 80 Hz. A probabilistic finite
element-perfectly matched layers model is developed for the analysis of the dynamic soil-structure
interaction problem where the shear modulus of the soil is modeled as a conditional random field.
A subdomain formulation is employed to impose loading by an incident wave field in the model.
The uncertainty on the subsoil properties is propagated to the response of a building by means of
Monte Carlo simulation. A case study is considered to investigate the influence of the spatial corre-
lation length of the random field representing the shear modulus of the subsoil, and the foundation
type of the building. The structural response uncertainty varies over frequency bands but as a
general trend increases with frequency. The foundation type of the building is a crucial parameter
determining the structural response and the associated uncertainty bounds.
Keywords: ground-borne vibration, dynamic soil-structure interaction, elastic wave propagation,
random elastic media, perfectly matched layers, Monte-Carlo simulation
1. Introduction
In the built environment, environmental ground vibration is produced by sources such as road
and railway traffic or construction and industrial activities. The passage of vehicles over uneven
roads or tracks and the operation of heavy machinery generate elastodynamic waves that propagate
through the soil and impinge on the foundation of nearby structures leading to structural vibrations.
These vibrations may lead to malfunctioning of sensitive equipment, discomfort of people, and, at
very high levels, structural damage. Furthermore, noise can be re-radiated from floors and walls.
Dynamic soil-structure interaction (SSI) plays a crucial role in the prediction of the response
of buildings to ground-borne vibration. Studies on dynamic SSI initiated in the field of earthquake
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engineering for the design and construction of structures of high importance such as nuclear power
plants, arch dams and long-span bridges [1, 2, 3]. More recently, the growing traffic volume, the
development of high-speed railway lines, and the expansion of underground transportation networks
in densely populated urban areas (figure 1) have led to an interest in the problem for environmental
vibration where computational models have been developed for both the prediction of the induced
incident wave field and the structural response [4, 5, 6].
Figure 1: Traﬃc induced vibrations in the built environment.
In these computational models, the semi-infinite extent of the soil needs to be taken into ac-
count by allowing the radiation of elastodynamic waves to infinity. At present, this is achieved
by using either coupled finite element (FE)-boundary element (BE) formulations [7] or finite el-
ement formulations in conjunction with appropriate absorbing boundary conditions (ABC) [8, 9]
or perfectly matched layers (PML) [10, 11, 12]. In FE-BE formulations, a subdomain approach
is followed [2, 13] where finite elements are used to model the structure (and possibly a limited
bounded volume of the soil) and boundary elements are used to model the unbounded soil which
is usually idealized as a horizontally stratified halfspace. The radiation conditions are implicitly
satisfied if the boundary element formulation is based on the Green’s functions of the stratified
halfspace [14, 15].
Whereas in earthquake engineering the focus is on the low frequency range between 0 and 10
Hz, the frequency range of interest in environmental induced vibrations extends up to 80 Hz for
building vibration and up to 250 Hz for re-radiated noise. The much wider frequency range of
interest imposes two challenges on the computational models. The first is the greater computa-
tional cost and the second is the lack of robustness as the response prediction at high frequencies
gets more sensitive to local variations of model parameters and modeling errors. The unknown
or imperfectly known excitation, material and geometric properties of the model are sources of
parametric uncertainty while the modeling simplifications and assumptions are sources of non-
parametric uncertainty.
Although the soil is usually idealized as a horizontally stratified halfspace composed of ho-
mogeneous layers, geotechnical investigations suggest that the soil properties exhibit considerable
spatial variability even within apparently homogeneous soil deposits [16]. This variability is mainly
attributed to the physical processes involved in the formation of the soil layers but also to man-
made activities that may perturb the properties of virgin land. Even though geotechnical and
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geophysical investigations allow us to identify this variability, the spatial resolution of the informa-
tion on the properties of the soil remains limited. Since the soil directly beneath a structure can
have a dominant role on the structural response, the aim of this paper is to assess the influence
of imperfectly known local subsoil conditions on the prediction of the response of buildings to
environmental ground-borne vibration.
The dynamic SSI problem has been treated in a probabilistic setting considering parametric and
non-parametric sources of uncertainty in the literature. The models focusing on parametric sources
of uncertainty predate those that adopt non-parametric sources and have been mostly considering
the frequency range of interest for seismic SSI problems [17, 18]. This approach requires the
uncertain parameters of the model to be described by means of random variables and/or fields
[19]. Subsequently, the uncertainty on the parameters of the model is propagated to the structural
response with simulation methods. The models that consider non-parametric sources of uncertainty
rely on the randommatrix theory [20] and have been used in both seismic analyses [21] and problems
of environmental vibration [22, 23]. In these models, the uncertainty is controlled by few dispersion
parameters which need to be calibrated based on experimental observations.
In the present paper, the imperfectly known subsoil properties are modeled as conditional
random fields following the parametric probabilistic approach formerly introduced in [24]. The
parametric approach is favored over the non-parametric as it can provide insight on how the statis-
tical and physical properties of the subsoil affect the structural response. The stochastic dynamic
SSI problem is formulated based on the finite element method which provides great flexibility in
incorporating any type of heterogeneity in the imperfectly known subsoil. The unbounded soil
is modeled by means of perfectly matched layers [11]. An external incident wave field is incorpo-
rated in the FE-PML model by exploiting a subdomain formulation originally conceived for FE-BE
formulations [13].
The remainder of this paper is organized as follows. Section 2 introduces the dynamic SSI
problem and its subdomain formulation. Section 3 discusses the formulation of the dynamic SSI by
means of a FE-PML model. Next, section 4 addresses the problem of statistically characterizing
the uncertain local subsoil properties and the construction of the corresponding random fields.
Finally, section 5 presents the results of a case study where the response of a building to ground-
borne vibration is computed and the influence of the spatial correlation length of the subsoil’s shear
modulus and the foundation type of the building is investigated.
2. The dynamic soil-structure interaction problem
Figure 2 depicts the stochastic dynamic SSI problem where a building Ωb is founded in a soil
with imperfectly known properties. The volume of soil Ω¯es with stochastic properties is bounded
and limited in the vicinity of the building while the rest of the soil Ωes is considered deterministic.
The soil-foundation interface is denoted as Σbs. The building is excited by an incident wave field
uˆinc, where the hat above the variable denotes its representation in the frequency domain. The
confinement of Ω¯es only in the vicinity of Ωb is justified by the observation that even though the
imperfectly known properties of Ωes might influence the incident field uˆinc, they will have a rather
weak impact on the dynamic stiffness of the coupled soil-structure system (section 5.4). The focus
in this study is limited only to the influence of the uncertain local subsoil conditions.
The dynamic SSI problem is decomposed into two subdomains: the generalized structure Ωr =
Ωb ∪ Ω¯
e
s and the unbounded exterior soil domain Ω
e
s. The interface between the two subdomains is
denoted as Σrp.
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Figure 2: The stochastic dynamic SSI problem.
2.1. The generalized structure
The dynamic equilibrium equation of the generalized structure Ωr, in absence of body forces,
is in matrix-vector notation in the frequency domain:
LTσˆr = −ω
2ρruˆr in Ωr (1)
where σˆr = {σˆrxx, σˆryy, σˆrzz, σˆrxy, σˆryz, σˆrzx}
T is a vector collecting the elements of the symmetric
stress tensor σrij, uˆr = {uˆrx, uˆry, uˆrz}
T is the displacement vector and ρr is the density. The
differential operator L is defined as:
L =


∂
∂x
0 0
0 ∂
∂y
0
0 0 ∂
∂z
∂
∂y
∂
∂x
0
0 ∂
∂z
∂
∂y
∂
∂z
0 ∂
∂x


(2)
The constitutive equation reads:
σˆr = Crǫˆr (3)
where the vector ǫˆr = {ǫˆrxx, ǫˆryy, ǫˆrzz, γˆrxy, γˆryz, γˆrzx}
T collects the strains and Cr is the constitutive
matrix. The strain vector ǫˆr is related to the displacements uˆr through the kinematic equation:
ǫˆr = Luˆr in Ωr (4)
The following Neumann boundary conditions hold on the boundary ΓNr :
tˆ
n
r (uˆr) = σˆr · n =
ˆ¯t
n
r on Γ
N
r (5)
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In addition, the following displacement continuity and traction equilibrium conditions hold on the
interface Σrp :
uˆr = uˆs on Σrp (6)
tˆ
n
r (uˆr) + tˆ
ns
s (uˆs) = 0 on Σrp (7)
where ns = −n. The virtual work equation for the generalized structure Ωr is:∫
Ωr
(Lvˆr)
T
Cr (Luˆr) dΩ− ω
2
∫
Ωr
vˆTr ρruˆr dΩ =
∫
ΓNr
vˆTr
ˆ¯t
n
r dΓ +
∫
Σrp
vˆTr tˆ
n
r (uˆr) dΓ (8)
where vˆr is the virtual displacement field and the last integral on the right hand-side is the inter-
action term with the exterior soil Ωes.
2.2. The unbounded exterior soil
The dynamic equilibrium equation of the unbounded exterior soil Ωes is in matrix-vector nota-
tion:
LTσˆs + ρsbˆs = −ω
2ρuˆs in Ω
e
s (9)
where ρsbˆs = {ρsbˆsx, ρsbˆsy, ρsbˆsz}
T is the body force vector. The following Neumann boundary
conditions hold on the boundary Γsσ:
tˆ
ns
s (uˆs) = σˆs · ns =
ˆ¯t
ns
s on Γsσ (10)
The body force vector ρsbˆs and the imposed tractions ˆ¯t
ns
s on the free surface Γsσ of the soil give rise
to the incident wave field uˆinc exciting the generalized structure Ωr. The following Sommerfeld’s
radiation conditions, requiring the elastic waves to vanish at infinity [25], hold on the boundary
Γs∞:
Rˆ (uˆs) = 0 on Γs∞ (11)
The virtual work equation for the unbounded exterior soil Ωes is:∫
Ωes
(Lvˆs)
T
Cs (Luˆs) dΩ− ω
2
∫
Ωes
vˆTs ρsuˆs dΩ =
∫
Ωes
vˆTs ρsbˆs dΩ +
∫
Γsσ
vˆTs
ˆ¯t
ns
s dΓ
+
∫
Σrp
vˆTs tˆ
ns
s (uˆs) dΓ (12)
where Cs is the constitutive matrix, ρs is the density and vˆs is the virtual displacement field
required to fulfill the radiation conditions (11). The last integral on the right hand-side of equation
(12) is the interaction term with the generalized structure Ωr.
The displacement field uˆs in the unbounded exterior soil Ω
e
s can be decomposed into the wave
field uˆ0 and the scattered wave field uˆsc [13] (figure 3):
uˆs = uˆ0 + uˆsc (13)
The wave field uˆ0 is related to the incident wave field uˆinc, where zero displacement boundary
conditions are enforced on the interface Σrp (figure 3b), whereas the scattered wave field uˆsc is
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Figure 3: (a) Decomposition of the displacement ﬁeld uˆs of the unbounded exterior soil Ω
e
s into (b) the wave ﬁeld
uˆ0 and (c) the diﬀracted displacement ﬁeld uˆsc.
radiated in the exterior soil Ωes by the generalized structure Ωr (figure 3c). The virtual work
equation for the unbounded exterior soil Ωes corresponding to the wave field uˆ0 is:∫
Ωes
(Lvˆs)
T
Cs (Luˆ0) dΩ− ω
2
∫
Ωes
vˆTs ρsuˆ0 dΩ =
∫
Ωes
vˆTs ρsbˆs dΩ +
∫
Γsσ
vˆTs
ˆ¯t
ns
s dΓ (14)
where the virtual displacement field vˆs fulfills the radiation conditions (11) and the Dirichlet
boundary conditions uˆ0 = 0 on the interface Σrp (figure 3b). Analogously, the virtual work
equation for the unbounded exterior soil Ωes corresponding to the scattered wave field uˆsc is:∫
Ωes
(Lvˆs)
T
Cs (Luˆsc) dΩ− ω
2
∫
Ωes
vˆTs ρsuˆsc dΩ =
∫
Σrp
vˆTs tˆ
ns
s (uˆsc) dΓ (15)
where the virtual displacement field vˆs fulfills the radiation conditions (11).
2.3. The interaction problem
The dynamic SSI problem is solved enforcing the continuity of displacements and the equilib-
rium of tractions on the interface Σrp. Using the equilibrium condition (7), equation (8) can be
written as:∫
Ωr
(Lvˆr)
T
Cr (Luˆr) dΩ− ω
2
∫
Ωr
ρrvˆ
T
r uˆr dΩ =
∫
ΓNr
vˆTr
ˆ¯t
n
r dΓ−
∫
Σrp
vˆTr tˆ
ns
s (uˆs) dΓ (16)
Introducing the decomposition (13) into equation (16) and rearranging the terms yields:∫
Ωr
(Lvˆr)
T
Cr (Luˆr) dΩ− ω
2
∫
Ωr
ρrvˆ
T
r uˆr dΩ +
∫
Σrp
vˆTr tˆ
ns
s (uˆsc) dΓ =
∫
ΓNr
vˆTr
ˆ¯t
n
r dΓ
−
∫
Σrp
vˆTr tˆ
ns
s (uˆ0) dΓ (17)
Equation (17) can be used to solve the dynamic SSI problem by means of coupled FE-BE models.
In this case, the volume integrals over Ωr and the boundary integral on Γ
N
r are treated by means of
the FE method whereas the integrals on the interface Σrp are treated by means of the BE method.
Alternatively, requiring that vˆs = vˆr on Σrp and substituting equation (15) into equation (17)
allows to solve the dynamic SSI problem by means of FE in conjunction with ABC or PML:∫
Ωr
(Lvˆr)
T
Cr (Luˆr) dΩ− ω
2
∫
Ωr
ρrvˆ
T
r uˆr dΩ +
∫
Ωes
(Lvˆs)
T
Cs (Luˆsc) dΩ− ω
2
∫
Ωes
ρsvˆ
T
s uˆsc dΩ
=
∫
ΓNr
vˆTr
ˆ¯t
n
r dΓ−
∫
Σrp
vˆTr tˆ
ns
s (uˆ0) dΓ
(18)
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Figure 4: (a) Decomposition of the displacement ﬁeld uˆ0 into (b) the incident wave ﬁeld uˆinc and (c) the locally
diﬀracted displacement ﬁeld uˆd0.
The subsequent section presents how the integrals over the unbounded volume Ωes are replaced
by integrals over the bounded volume Ωp of a PML buffer zone. The integral on Σrp corresponding
to the wave field uˆ0 in equations (17) and (18) is not computed directly due to the complex
boundary conditions. For this reason, the wave field uˆ0 is further decomposed as [13] (figure 4):
uˆ0 = uˆinc + uˆd0 (19)
where the incident wave field uˆinc and the corresponding traction field tˆ
ns
s (uˆinc) are provided by
a source model, generally assuming that the coupling between the subproblems of the source and
the receiver can be disregarded [26] (figure 4b). In the present work, the direct stiffness method
is used for this purpose [27]. The locally diffracted displacement field uˆd0 (figure 4c) is defined so
that the combined wave field uˆd0 + uˆinc vanishes on Σrp. Introducing the decomposition (19) into
equation (18) yields:∫
Ωr
(Lvˆr)
T
Cr (Luˆr) dΩ− ω
2
∫
Ωr
ρrvˆ
T
r uˆr dΩ +
∫
Ωes
(Lvˆs)
T
Cs (Luˆsc) dΩ− ω
2
∫
Ωes
ρsvˆ
T
s uˆsc dΩ
=
∫
ΓNr
vˆTr
ˆ¯t
n
r dΓ−
∫
Σrp
vˆTr tˆ
ns
s (uˆinc) dΓ−
∫
Σrp
vˆTr tˆ
ns
s (uˆd0) dΓ
(20)
The last integral on the right hand-side can now explicitly be computed by means of the BE method
or by FE formulations in conjunction with ABC or PML as described in the following section.
3. Formulation of the FE-PML model
Figure 5a shows the stochastic dynamic SSI problem of figure 2 modeled by means of FE-PML.
The computational domain consists of the generalized structure Ωr = Ωb ∪ Ω¯
e
s modeled with FE
and the PML buffer zone Ωp simulating the unbounded soil Ω
e
s truncated at the boundary Γ
D
p . The
material properties of Ω¯es are modeled as conditional random fields (section 4.2) with a small zone
of soil close to Σrp having deterministic properties. The FE-PML model is developed based on the
3D elastodynamic equations in the frequency domain.
3.1. The PML buffer zone
To absorb waves inside the PML buffer zone Ωp the dynamic equilibrium equation and kinematic
equation are modified by introducing complex coordinate stretching (figure 6) [10, 28]. For a
coordinate s, representing the x, y or z coordinate, the stretched coordinate s˜ is defined as:
s˜ = so +
∫ st
so
λˆs(s) ds (21)
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Figure 5: (a) FE-PML model of the stochastic dynamic SSI problem of ﬁgure 2 and (b) FE-PML model of the
truncated unbounded soil.
where so and st delimit the origin and the termination of the PML buffer zone in the direction of
the coordinate s, and λˆs (s) is the considered stretch function:
λˆs(s) = α0s(s) +
α1s(s)
iω
(22)
with α0s (s) and α1s (s) polynomial functions that control the attenuation of the evanescent and
propagating waves inside the PML buffer zone [29]. In the present work, they are defined as:
α0s(s) =

1 + α0
(
|s− so|
Ls
)q
so ≤ s ≤ st
1 s < so
(23)
α1s(s) =

α1
(
|s− so|
Ls
)q
so ≤ s ≤ st
0 s < so
(24)
where Ls is the thickness of the PML buffer zone in the direction of the coordinate s, α0 and α1 are
tuning parameters, and q = 3 is the degree of the polynomial attenuation. Starting from equation
(21), the partial derivative with respect to s˜ is written as:
∂
∂s˜
=
1
λˆs(s)
∂
∂s
(25)
The modified dynamic equilibrium for the PML buffer zone Ωp is obtained by introducing the
stretched coordinates according to the transformation defined by equation (25) into equation (9):
λˆxλˆyλˆzL˜
T
σˆp = −ω
2ρpλˆxλˆyλˆzuˆp in Ωp (26)
Similarly, the modified kinematic equation is:
ǫˆp = L˜uˆp in Ωp (27)
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Figure 6: PML in the direction of coordinate s. The waves enter into the PML buﬀer zone without any spurious
reﬂections at the interface Σrp and gradually decay within the PML.
where the equilibrium equation (26) has also been multiplied by a factor λˆxλˆyλˆz and the modified
differential operator L˜ is defined as:
L˜ =


1
λˆx
∂
∂x
0 0
0 1
λˆy
∂
∂y
0
0 0 1
λˆz
∂
∂z
1
λˆy
∂
∂y
1
λˆx
∂
∂x
0
0 1
λˆz
∂
∂z
1
λˆy
∂
∂y
1
λˆz
∂
∂z
0 1
λˆx
∂
∂x


(28)
The following Neumann and Dirichlet boundary conditions apply on the boundaries ΓNp and Γ
D
p of
the PML buffer zone (figure 5a):
tˆ
ns
p (uˆp) = σˆp · n = 0 on Γ
N
p (29)
uˆp = 0 on Γ
D
p (30)
The virtual work expression of the dynamic SSI model depicted in figure 5a is obtained by
replacing the integrals over Ωes in equation (20) with integrals over the PML buffer zone Ωp:∫
Ωr
(Lvˆr)
T
Cr (Luˆr) dΩ− ω
2
∫
Ωr
ρrvˆ
T
r uˆr dΩ +
∫
Ωp
λˆxλˆyλˆz
(
L˜vˆp
)T
Cp
(
L˜uˆp
)
dΩ
−ω2
∫
Ωp
ρpλˆxλˆyλˆzvˆ
T
p uˆp dΩ =
∫
ΓNr
vˆTr
ˆ¯t
n
r dΓ−
∫
Σrp
vˆTr tˆ
ns
s (uˆinc) dΓ−
∫
Σrp
vˆTr tˆ
ns
s (uˆd0) dΓ
(31)
where now the virtual displacement field vˆp is required to fulfill the Dirichlet boundary conditions
on ΓDp .
3.2. FE discretization
Subsequently, a standard Galerkin procedure is followed, where the same shape functions are
used to approximate both the displacement fields uˆ = {uˆr, uˆp}
T and vˆ = {vˆr, vˆp}
T:
uˆ ≃ Nuˆ and vˆ ≃ Nvˆ (32)
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where N ∈ R3×n is a matrix containing the globally defined shape functions with n the number of
degrees of freedom in the model and the vector uˆ = {uˆr, uˆp}
T ∈ Cn collects the nodal displacements
of the FE-PML model. Since equation (31) holds for any virtual displacement field vˆ fulfilling the
Dirichlet boundary conditions on ΓDp , the following system of equations is obtained by introducing
the approximations (32) into equation (31):(∫
Ωr
BTCrB dΩ− ω
2
∫
Ωr
ρrN
TN dΩ +
∫
Ωp
λˆxλˆyλˆzB˜
T
CsB˜ dΩ− ω
2
∫
Ωp
ρsλˆxλˆyλˆzN
TN dΩ
)
uˆ
=
∫
ΓNr
NTˆ¯t
n
r dΓ−
∫
Σrp
NTtˆ
ns
s (uˆinc) dΓ−
∫
Σrp
NTtˆ
ns
s (uˆd0) dΓ
(33)
where B = LN ∈ R6×n and B˜ = L˜N ∈ C6×n are matrices containing the derivatives of the globally
defined shape functions. The system of equations (33) can be written in compact form as:
Sˆuˆ = fˆ (34)
where Sˆ ∈ Cn×n is the dynamic stiffness matrix of the system and fˆ ∈ Cn is the vector collecting the
nodal loads. Since the material properties in part of Ω¯es are modeled as conditional random fields,
some elements of the dynamic stiffness matrix Sˆ are stochastic. The mapping of the stochastic
material properties of Ω¯es onto the FE mesh is addressed in section 4.3.
Following the definition of the locally diffracted displacement field uˆd0, the last integral on the
right-hand side of equation (33) is implicitly evaluated by computing directly the reaction forces fˆd0
on the interface Σrp of the FE-PML model (figure 5b) due to imposed displacements uˆd0 = −uˆinc
on Σrp:
∫
Σrp
NTtˆ
ns
(uˆd0) dΓ =


0
fˆd0
0

 (35)
The system of equations of the FE-PML model is in this case:[
Sˆoo Sˆot
Sˆto Sˆtt
]{
−uˆinc
uˆt
}
=
{
fˆd0
0
}
(36)
where the subscript o denotes the degrees of freedom on the interface Σrp whereas the subscript t
denotes the internal degrees of freedom of the PML buffer zone Ωp. Rearranging and solving the
system of equations (36) with respect to fˆd0 yields:
fˆd0 = −
(
Sˆoo − SˆotSˆ
−1
tt Sˆto
)
uˆinc (37)
4. Local subsoil conditions
The subsoil in Ω¯es is modeled as a heterogeneous isotropic elastic medium with imperfectly
known elastic properties. A problem of parametric uncertainty is considered where the elastic
properties are represented by random fields. In order to construct these fields, sufficient information
on the statistical characteristics of the elastic parameters is required. Section 4.1 discusses the
parameterization of the subsoil properties. Subsequently, the corresponding random fields and
their mapping onto the finite element mesh are addressed in section 4.2 and 4.3.
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4.1. Statistical characterization of subsoil conditions
The bulk modulus K and the shear modulus G of the soil, as multiples of the eigenvalues
of the constitutive matrix C, are strictly positive without any other physical constraint. This
makes them appealing parameters to statistically characterize the elastic properties of the soil [30].
Statistically, the bulk modulus K and the shear modulus G are strongly correlated with the ratio
K/G depending on the Poisson’s ratio ν:
K
G
=
2 (1 + ν)
3 (1− 2ν)
(38)
of which the variation is rather limited within apparently homogeneous deposits [31]. Although
laboratory and in situ tests allow to determine the bulk modulus K and the shear modulus G, it is
practically unfeasible to measure their continuous spatial variation in detail. In situ tests involve
averaging of the moduli values over a considerable volume of soil while laboratory tests provide
estimations at discrete locations. Geotechnical tests like the cone penetration test (CPT) allow
to measure soil strength parameters at a fine spatial resolution. Empirical data suggest that the
strength and elastic parameters of certain soil types are strongly correlated [32] and it can therefore
be assumed that they vary spatially in a similar way. In this case, the spatial correlation length lc
of the shear modulus G can be implicitly elicited from that of CPT data. Depending on the soil
type, the spatial correlation length of typical CPT data ranges from few centimeters to few meters
for the micro-scale soil variability [33].
The probability density function (PDF) of the shear modulus G is constructed based on the
maximum entropy principle which yields the Gamma distribution as the one that maximizes the
uncertainty under the conditions that the shear modulus has a strictly positive support with
prescribed mean and the response of the stochastic system attains finite variance [34, 35]. As the
variation of the Poisson’s ratio ν and the material density ρ of the soil is generally limited [16],
both are considered deterministic in the following.
4.2. Random field modeling
The shear modulus G of the soil in Ω¯es is modeled as a random field G(x, θ) defined over the
space x ∈ Ω¯es [19]. The probabilistic characterization of the stochastic shear modulus G(x, θ) is
based on its marginal probability distribution function (PDF) pG (θ), mean µG (x), variance σ
2
G (x)
and auto-correlation coefficient ρGG (x,x
′) functions. The covariance function CGG (x,x
′) is then
defined as:
CGG
(
x,x′
)
= σG (x)σG
(
x′
)
ρGG
(
x,x′
)
(39)
A computationally tractable approximation of the stochastic shear modulus G(x, θ) is obtained
by reducing its representation into a finite set of random variables. In this work, this is achieved
by discretizing the continuous space x ∈ Ω¯es into a finite set of control points xk ∈ Ω¯
e
s, k ∈
{1, ..., nk} where the distance between the control points xk is dictated by its covariance function
CGG (x,x
′) [36]. After discretization, the random field G(x, θ) is reduced to a random vector G (θ)
corresponding to the values of the random field at the control points xk ∈ Ω¯
e
s.
The stochastic shear modulus G (θ) is simulated through a translation process based on the
Nataf multivariate distribution [37]. This defines the non-Gaussian shear modulus G (θ) as a non-
linear transformation of a Gaussian random vector G (θ). For the k-th element Gk (θ) of G (θ) this
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transformation is:
Gk (θ) = P
−1
Γ
(
PN
(
Gk (θ)− µGk
σGk
))
(40)
where P−1Γ is the inverse of the target Gamma marginal cumulative distribution function (CDF),
PN is the standard normal CDF function, and µG = µG and σG = σG are the mean and variance
of G (θ). Based on this translation process, the correlation coefficient matrix ρGG of the underlying
Gaussian vector is computed by means of an iterative scheme in order to obtain a random vector
with the target correlation coefficient matrix ρGG [37].
In order for the realizations of the shear modulus of the soil to be continuous at the interface
Σrp between Ω¯
e
s and Ω
e
s, the shear modulus G (θ) is modeled as a conditional random vector G¯ (θ)
with prescribed deterministic values on Σrp. The conditional distribution of a Gaussian random
vector G (θ), given known values Gl (θ) = G¯l at xl ∈ Σrp, l ∈ {1, ..., nl}, is also Gaussian with
modified mean and covariance [19]:
µ¯G = µG +C
T
G¯GC
−1
G¯G¯
∆G¯ (41)
C¯GG = CGG −C
T
G¯GC
−1
G¯G¯
CG¯G (42)
where the vector ∆G¯ is defined as:
∆G¯ = {G¯1 − µG1, ..., G¯nl − µGnl}
T (43)
with CG¯G the cross-covariance between G (θ) and Gl (θ) = G¯l and CG¯G¯ the covariance matrix of
Gl (θ) = G¯l. Realizations of the random vector G¯ (θ) are then generated as:
G¯ (θ) ≈ µ¯G +
nm∑
k=1
ξk (θ)
√
λkφk (44)
where λk and φk are the k-th eigenvalue and eigenvector of the covariance matrix C¯GG and ξk (θ) are
random variables sampled from the standard Gaussian distribution N (0, 1). In order to improve
the representativeness of the sampled pool of realizations, Latin hypercube sampling with artificial
correlation reduction is used [38]. This sampling scheme explores the event space Θ more uniformly
avoiding the formation of clusters of realizations that might stall convergence. The number nm ≤ nk
of eigenpairs (λk, φk) included in the expansion (44) can be decided based on a maximum acceptable
relative truncation error:
ǫ (nm) = 1−
1
Tr
(
C¯GG
) nm∑
k=1
λk ≤ ǫmax (45)
where Tr (·) denotes the trace of a matrix.
4.3. Mapping of the stochastic subsoil properties onto the FE mesh
The realizations of the random vector G¯ (θ) are used as input for the expansion optimal linear
estimation (EOLE) method to interpolate the random field G¯ (x, θ) at any point x ∈ Ω¯es [36]:
G¯(x, θ) ≈ µ¯G (x) + C¯
T
GG¯ (x) C¯
−1
GG
nm∑
k=1
ξk (θ)
√
λkφk (46)
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where C¯GG¯ (x) is the cross-covariance vector function between G¯ (θ) and G¯ (x, θ). Subsequently,
application of the non-linear transformation defined by equation (40) provides the desired non-
Gaussian realizations G¯ (x, θ).
The dynamic stiffness matrix Sˆ in equation (34) is formulated taking into account the continuous
variation of the shear modulus G¯ (x, θ) in Ω¯es. As the random field discretization and the finite
element discretization are not necessarily coinciding, the stochastic shear modulus is first evaluated
at the finite element nodes of Ω¯es by means of equation (46) for each realization and subsequently
interpolated at the FE integration points using the displacement interpolation functions (32) [39].
In order to accurately resolve the spatial fluctuations of the shear modulus, this approach requires
the finite element mesh to be at least as fine as the random field discretization.
5. Case study
5.1. Model description
The influence of imperfectly known local subsoil conditions on the response of buildings to
ground-borne environmental vibrations is assessed in a case study. A three storey reinforced
concrete office building is considered. Figure 7 shows the floor layout of the building and table 1
summarizes its characteristics where hs is the storey height and ts the slab thickness. Two different
cases are examined for the building’s foundation: a) a raft foundation with thickness tf = 0.60 m,
and b) individual footings with thickness tf = 0.40 m for the base of each column and wall.
The mean dynamic characteristics of the halfspace representing the soil underneath the building
are summarized in table 2 where Cs denotes the shear wave velocity, Cp the dilatational wave
velocity, and βs and βp represent the hysteretic material damping ratio for the shear waves and
the dilatational waves, respectively. The frequency independent hysteretic material damping in the
soil is introduced using complex Lame´ coefficients µ(1 + 2βsi) and (λ+ 2µ)(1 + 2βpi) according to
the correspondence principle [40, 41]. The building response is investigated by computing transfer
functions which relate the building displacements to a unit vertical force (1N/Hz) that is applied
at the surface of the halfspace at the point S (−34m,−26m, 0m) with respect to the origin of the
reference system. The analysis is performed in the frequency range between 1 Hz and 80 Hz which
is of interest for problems of environmental ground vibration.
Table 1: Building characteristics (ﬁgure 7).
hs ts C B Wx Wy Es ρs
[m] [m] [m×m] [m ×m] [m×m] [m×m] [GPa] [kg/m3]
3 0.15 0.35 × 0.35 0.20 × 0.50 1.50 × 0.20 0.20 × 1.50 30 2500
Table 2: Mean dynamic soil characteristics.
h Cs Cp G ν ρ βs = βp
[m] [m/s] [m/s] [MPa] [−] [kg/m3] [−]
∞ 300 600 162 1/3 1800 0.01
Figure 8 shows the FE-PML model. The subsoil is discretized with 3D twenty-node finite
elements. A maximum element size le = 0.75 m is used for the mesh, corresponding to 5 quadratic
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Figure 7: Building layout at the i-th ﬂoor (i = 0, 1, 2, 3) where Wx and Wy denote the walls in the x- and the
y-direction, C the columns and B the beams. The outline of the foundation footings is shown with dashed lines. The
receiver locations Ri and Fi at the i-th ﬂoor are indicated with ×. The receiver locations F0, R1 and R3 considered
next are located on the foundation level, the ﬁrst ﬂoor and the roof of the building, respectively.
finite elements per shear wavelength λs at a frequency of 80 Hz. The building is modeled with
frame and eight-node shell elements; hysteretic damping is assumed with η = 0.05 [42].
The effectiveness of the PML strongly depends on the stretch function parameters and the
finite element mesh. For computational efficiency, two meshes are used for the PML, (a) a mesh
with Ls = 2.25 m for the frequency range between 1 Hz and 10 Hz and (b) a mesh with Ls = 1.50
m for the frequency range between 10 Hz and 80 Hz. Because the real part α0s (s) of the stretch
functions modifies the wavelength λ˜ = λ/ (1 + α0s (s)) inside the PML [43], α0(ω) is defined at
each frequency ω so that at least two quadratic finite elements per shear wavelength are present
inside the PML buffer zone:
α0 (ω) =
π
le
Cs
ω
− 1 (47)
The value of α1(ω) is defined based on recommended values in the literature [11]:
α1 (ω) = 20
Cs
ω
(48)
The shear modulus of the soil in Ω¯es (figure 8) is modeled as a conditional random field G¯ (x, θ)
with a Gamma marginal PDF and a coefficient of variation CoV = 0.25 according to the method-
ology outlined in section 4.2 (figure 9a). An isotropic squared exponential correlation coefficient
function is assumed for the covariance of the unconditional random field G (x, θ) which ensures
continuous field realizations [36]:
CGG(x,x
′) = σ2G exp
(
−
|x− x′|2
l2c
)
(49)
The variation of the material properties in soil deposits is generally anisotropic with different
correlation lengths in the vertical and horizontal directions [33]. Nevertheless, a single isotropic
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S
Figure 8: FE-PML model for the frequency range between 10 Hz and 80 Hz in the case of the building with individual
footings. The model subdomains are in accordance with ﬁgure 5a.
correlation length lc is considered in the present study which allows to develop a general under-
standing of how the variability of the local subsoil properties affects the structural response. Two
correlation lengths are examined: (a) lc = 1 m and (b) lc = 1.50 m.In both cases, the discretization
length of the random field is 3lc/4.
The realizations of the stochastic shear modulus are generated for a relative truncation error
ǫmax = 0.05 according to equation (45) (figure 9b). This corresponds to nm = 994 random variables
in the case with lc = 1 m and nm = 720 random variables in the case with lc = 1.50 m. Figures 10b
and 10c show two realizations of the stochastic shear modulus of the soil mapped onto the finite
element mesh for the two correlation lengths considered. The realizations of the shear modulus are
constrained to take the deterministic value of the exterior soil Ωes on the interface Σrp.
(a)
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0
0.005
0.01
0.015
G [MPa]
p
G
[M
P
a−
1
]
(b)
200 400 600 800 1000
0
0.2
0.4
0.6
0.8
1
nm [−]
ǫ
(n
m
)
[−
]
Figure 9: (a) Gamma marginal PDF of the stochastic shear modulus, and (b) relative truncation error ǫ(nm) for
lc = 1 m (solid line), lc = 1.50 m (dashed line) and ǫmax = 0.05 (dotted line).
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5.2. Model verification
Before proceeding to the case study with uncertain local subsoil conditions, the FE-PML model
is verified. To this end, the Green’s functions of the homogeneous halfspace with the properties of
table 2 are computed without the presence of the building (figure 10a). Figure 11 compares the
transfer functions of the vertical displacement along the x-axis computed with the FE-PML model
and the direct stiffness method [27]. The transfer functions computed with the two models are in
good agreement except at 80 Hz where the difference of about 3% is due to the discretization error
of the FE-PML approximation.
10 [Hz] 30 [Hz] 80 [Hz]
(a) (a.1) (a.2) (a.3)
(b) (b.1) (b.2) (b.3)
(c) (c.1) (c.2) (c.3)
 
G [MPa]
50 175 300
 
‖u‖2 [m] ×10−11
0 1.5 3
 
‖u‖2 [m] ×10−11
0 2.5 5
 
‖u‖2 [m] ×10−11
0 4 8
Figure 10: Realizations of the random ﬁeld representing the stochastic shear modulus of the subsoil and snapshots
of the corresponding free ﬁeld displacements u(t) = |uˆ| cos (ωt+ θ) at 10 Hz, 30 Hz and 80 Hz at t = 0 s. (a)
Homogeneous subsoil with the mean properties of table 2, (b) random ﬁeld with lc = 1 m and (c) random ﬁeld with
lc = 1.5 m.
5.3. Loading cases
In order to understand how the uncertain local subsoil conditions affect the structural response
to ground-borne vibration, two loading cases are considered. The first loading case (LC1) is the
solution of the problem where the incident wave field propagates through Ω¯es before it impinges the
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Figure 11: (a) Real and (b) imaginary part of the free ﬁeld vertical displacement uˆz along the x-axis (y = 0, z = 0)
of the FE-PML model (solid lines) in comparison with the direct stiﬀness method (× marks) at 1 Hz (black line),
10 Hz (blue line), 30 Hz (green line) and 80 Hz (red line).
foundation of the building. This loading case allows to assess the overall influence of the uncertain
local subsoil conditions on the response of the building. Figures 12 and 13 demonstrate how the
incident wave field (figure 10) is perturbed by the building. At low frequencies, the size of the
building is small relative to the wavelength and the building does not perturb significantly the
displacement field of the soil. However, at higher frequencies the building acts as a surface wave
barrier significantly affecting the displacement field of the soil. This is more evident in the case of
the building with raft foundation. Figures 10b-10c, 12b-12c and 13b-13c show how the impedance
contrasts due to the randomly heterogeneous subsoil properties lead to constructive and destructive
wave interference perturbing the displacement field of the soil.
In the second loading case (LC2), the excitation due to the incident wave field is applied as
nodal forces directly on the soil-foundation interface Σbs assuming that the incident wave field
has propagated through the subsoil with the deterministic properties of table 2, unperturbed by
the uncertain local subsoil conditions. Figure 14 shows the displacement field uˆsc radiated by the
building in the soil due to the LC2. This loading case provides additional insight isolating the
influence of the uncertain dynamic stiffness of the coupled soil-structure system on the response of
the building.
5.4. Sensitivity analysis
For practical reasons, the volume of subsoil Ω¯es with imperfectly known properties is bounded
to the vicinity of the building. In order to identify the volume of soil predominantly influencing
the dynamic stiffness of the coupled soil-structure system, the sensitivity of the building response
is computed with respect to the element-wise defined shear moduli of the soil in Ω¯es for the LC2
(figure 14). Differentiation of equation (34) with respect to the shear modulus Gj of element j of
Ω¯es yields:
∂uˆ
∂Gj
= −Sˆ
−1 ∂Sˆ
∂Gj
uˆ (50)
Normally, the volume of subsoil influencing the dynamic stiffness of the coupled soil-structure
system is as large as required to fully attenuate the scattered displacement field uˆsc (figure 14).
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Figure 12: Realizations of the random ﬁeld representing the stochastic shear modulus of the subsoil and snapshots
of the corresponding displacements u(t) = |uˆ| cos (ωt+ θ) of the building with raft foundation at 10 Hz, 30 Hz and
80 Hz at t = 0 s due to the LC1. (a) Homogeneous subsoil with the mean properties of table 2, (b) random ﬁeld
with lc = 1 m and (c) random ﬁeld with lc = 1.5 m.
Practically however, a much smaller volume of subsoil is able to capture the predominant influence
of the uncertain subsoil properties on the dynamic stiffness of the coupled soil-structure system.
Figure 15 shows the sensitivity of the vertical displacement at receiver R1 (figure 7) with respect
to the element-wise defined shear moduli of Ω¯es for a set of frequencies. The volume of subsoil that
influences the response of R1 changes with the frequency. At low frequencies, the wavelength is
large compared to the size of the foundations (figures 14a.1 and 14b.1) and the local variation of
the subsoil properties is not resolved in the response. The response of the building is sensitive only
to the properties of a limited volume of subsoil which essentially contributes to the static stiffness
of the foundations (figures 15a.1 and 15b.1). As the wavelength gets smaller at higher frequencies
(figures 14a.2-14a.3 and 14b.2-14b.3), a larger volume of subsoil influences the response of R1
(figures 15a.2-15a.3 and 15b.2-15b.3). This is more pronounced for the building with individual
footings. The volume of subsoil predominantly contributing to the response of R1 is generally
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Figure 13: Realizations of the random ﬁeld representing the stochastic shear modulus of the subsoil and snapshots
of the corresponding displacements u(t) = |uˆ| cos (ωt+ θ) of the building with individual footings at 10 Hz, 30 Hz
and 80 Hz at t = 0 s due to the LC1. (a) Homogeneous subsoil with the mean properties of table 2, (b) random ﬁeld
with lc = 1 m and (c) random ﬁeld with lc = 1.5 m.
larger at frequencies for which the subsoil is significantly mobilized by the bending modes of the
floors (figures 14a.2 and 14b.2).
Apart from the dynamic stiffness of the coupled soil-structure system, the stochastic subsoil
properties also influence the incident wave field exciting the building. In order to fully take this
influence into account, the subdomain Ω¯es would have to extend to infinity which is computationally
unfeasible with the present methodology. A pragmatic approach is to consider this influence in an
average sense using effective elastic properties for the subsoil in the far field [44].
5.5. Propagation of uncertainty
The uncertainty is propagated from the subsoil properties to the building displacement transfer
functions by means of Monte-Carlo simulation. In total, nR = 1000 realizations are used to estimate
the uncertainty on the building response. The uncertainty is quantified by computing the coefficient
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Figure 14: Snapshots of the displacements u(t) = |uˆ| cos (ωt+ θ) at 10 Hz, 30 Hz and 80 Hz at t = 0 s due to the
LC2. Building with (a) raft foundation and (b) individual footings.
of variation (CoV) and by constructing confidence regions for the building response. The CoV is
defined as:
CoV|ˆ¯uj | =
σ|ˆ¯uj |
µ|ˆ¯uj |
(51)
where σ|ˆ¯uj | and µ|ˆ¯uj | are the standard deviation and the mean value of the displacement |ˆ¯uj| of the
j-th degree of freedom. Alternatively, the confidence region with a confidence level of pc = 90%
for the displacement |ˆ¯uj| is defined such that:
P (|ˆ¯ulj| ≤ |ˆ¯uj| ≤ |ˆ¯u
u
j |) ≥ pc (52)
where the lower |ˆ¯ulj| and the upper |ˆ¯u
u
j | bounds are the 5% and 95% percentiles of |ˆ¯uj|, respectively.
By utilizing the bootstrap method [45], a confidence region can be also estimated for CoV|ˆ¯uj |.
5.6. Free field and foundation displacement transfer functions
Figure 16 shows the transfer functions of the vertical displacement at the receiver location F0
(figure 7) for the free field, the building with raft foundation and the building with individual
footings. The mean free field response increases with the frequency whereas the mean response at
the foundation level of the building with raft foundation and the building with individual footings
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Figure 15: Vertical displacement sensitivity | ∂uˆ
∂Gj
|G of receiver R1 (ﬁgure 7) with respect to the element-wise deﬁned
shear moduli Gj of Ω¯
e
s at 10 Hz, 30 Hz and 80 Hz. Building with (a) raft foundation and (b) individual footings.
shows resonance effects [6]. The mean response is significantly lower for the building with raft
foundation for frequencies above 50 Hz. As the resonance peaks of the transfer functions occur
at slightly different frequencies for each individual realization of the subsoil properties, this leads
to mean transfer functions with smooth local maxima and minima. The mean transfer functions
(figure 16a) are almost identical for the two correlation lengths lc = 1m and lc = 1.5m considered
for the random field representing the shear modulus of the soil. The uncertainty bounds of the
transfer functions (figure 16b) differ, however. The lower the correlation length lc, the narrower
the uncertainty bounds as the local scale variation of the shear modulus is averaged out in the
response. The uncertainty of the free field vertical displacement at F0 increases almost linearly with
the frequency. Figures 10b and 10c demonstrate how the heterogeneous local subsoil conditions
perturb the free field displacements more heavily as the frequency increases leading to higher
uncertainty under imperfectly known subsoil conditions. The uncertainty of the building response
follows a similar trend with the uncertainty of the free field response but the uncertainty increases
sharply in the frequency ranges where the modulus of the mean transfer functions presents local
minima.
5.7. Building displacement transfer functions
Figures 17-18 and 19-20 show the transfer functions of the horizontal and vertical displacements
at the receiver locations R1 and R3, respectively, of the building with raft foundation and the
building with individual footings (figure 7). The building response is higher in the vertical than
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Figure 16: (a) Mean and (b) CoV of the transfer function |uˆF0z | (ﬁgure 7) of the free ﬁeld (black line), the building
with raft foundation (blue line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed
lines). The 90% conﬁdence regions are shaded with the corresponding color.
in the lateral direction. The mean transfer functions of R1 and R3 (figures 17a-18a and 19a-20a,
respectively) are approximately the same up to 15 Hz for the two buildings considered. At higher
frequencies, the building with the stiffer raft foundation has lower response than the building with
individual footings except near a few resonance frequencies.
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Figure 17: (a) Mean and (b) CoV of the transfer function |uˆR1x | (ﬁgure 7) of the building with raft foundation (blue
line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed lines). The 90% conﬁdence
regions are shaded with the corresponding color.
Similarly to the mean transfer functions of the free field and the foundations, the mean transfer
functions of R1 and R3 differ slightly for the two correlation lengths considered for the random field
representing the shear modulus of the soil. Again, the smaller correlation length results in narrower
uncertainty bounds for the building response.In the frequency range up to 10 Hz, the response
of both the building with raft foundation and the building with individual footings is almost
deterministic (figures 17b-18b and 19b-20b, respectively) for the two correlation lengths considered.
At higher frequencies, the uncertainty bounds of the transfer functions fluctuate significantly but
the uncertainty retains a linear trend with respect to the frequency for the vertical displacements.
The CoV of the lateral displacements ranges from 0.15 at 15Hz to 0.35 − 0.60 in the frequency
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Figure 18: (a) Mean and (b) CoV of the transfer function |uˆR1z | (ﬁgure 7) of the building with raft foundation (blue
line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed lines). The 90% conﬁdence
regions are shaded with the corresponding color.
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Figure 19: (a) Mean and (b) CoV of the transfer function |uˆR3x | (ﬁgure 7) of the building with raft foundation (blue
line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed lines). The 90% conﬁdence
regions are shaded with the corresponding color.
range between 30 and 80Hz. The highest response uncertainty occurs in the frequency ranges
where the modulus of the mean transfer functions shows local minima. In these frequency ranges,
the CoV of the mean transfer functions is up to 2.5 times larger than the CoV of the soil’s shear
modulus.
5.8. Influence of the uncertain local subsoil conditions on the modal characteristics of the coupled
soil-structure system
The imperfectly known local subsoil conditions result in uncertain dynamic stiffness, and corre-
sponding modal characteristics, for the coupled soil-structure system and in an uncertain incident
wave field exciting the building. Figures 21 and 22 show the transfer functions of the horizontal
and vertical displacements at the receiver location R1 of the building with raft foundation and the
building with individual footings (figure 7) for LC2. Since a deterministic, unperturbed, incident
wave field is considered in this loading case (section 5.3), the uncertainty on the building’s transfer
functions is only due to the uncertain modal characteristics of the coupled soil-structure system.
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Figure 20: (a) Mean and (b) CoV of the transfer function |uˆR3z | (ﬁgure 7) of the building with raft foundation (blue
line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed lines). The 90% conﬁdence
regions are shaded with the corresponding color.
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Figure 21: (a) Mean and (b) CoV of the transfer function |uˆR1x | (ﬁgure 7) of the building with raft foundation (blue
line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed lines) for LC2. The 90%
conﬁdence regions are shaded with the corresponding color.
The mean transfer functions of R1 for LC2 (figures 21a and 22a) are similar to the mean
transfer functions of R1 for LC1 (figures 17a-18a). However, the associated uncertainty bounds for
the vertical displacement (figure 22b) are narrower without following the linear trend observed in
the uncertainty bounds for LC1 (figure 18b). Because the incident wave field excites the building
mainly in the vertical direction, the lateral response of the building is less sensitive to the incident
wave field. Comparison of figures 17 and 21 suggests that most of the uncertainty on the lateral
response of the building is due to the uncertain modal characteristics of the coupled soil-structure
system and to a lesser extent to the uncertain incident wave field.
The CoV of the vertical displacement of both the building with raft foundation and the building
with individual footings does not fluctuate significantly in the frequency range up to 40Hz lying
around 0.15 (figure 22b). However, the CoV of the vertical displacement of the building with
individual footings increases significantly at higher frequencies. Because the size of the individual
footings is small compared to the scale of variation of the subsoil properties, each footing essentially
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Figure 22: (a) Mean and (b) CoV of the transfer function |uˆR1z | (ﬁgure 7) of the building with raft foundation (blue
line) and individual footings (red line) for lc = 1 m (solid lines) and lc = 1.5 m (dashed lines) for LC2. The 90%
conﬁdence regions are shaded with the corresponding color.
rests on top of a soil with different properties (figure 13). As a result, the modal characteristics of
the building with individual footings are more sensitive to the spatial variation of the soil properties
than the modal characteristics of the building with raft foundation (figure 12).
The range of the uncertainty bounds of the building’s transfer functions indicates that the
influence of the uncertain local subsoil conditions on the modal characteristics of the coupled soil-
structure system is negligible at low frequencies, but gets significant at higher frequencies. It is
well known from earthquake engineering that the importance of dynamic SSI increases when the
relative stiffness between the subsoil and the building decreases [2]. Although the mean stiffness
of the subsoil is rather high (table 2), the uncertainty bounds of the building’s transfer functions
suggest that dynamic SSI can be important in the case of a heterogeneous subsoil when the scale
of variation of the subsoil properties lies within the correlation lengths considered (figures 21b
and 22b).
6. Conclusions
In this paper, the influence of imperfectly known local subsoil conditions on the response of
buildings to environmental ground-borne vibration is examined. A FE-PML model is developed
for the stochastic dynamic SSI problem where the shear modulus of the subsoil in the vicinity
of the building is represented by a conditional random field. An external incident wave field is
propagated through the FE-PML model using a subdomain formulation. The uncertainty on the
subsoil properties is propagated to the building displacement transfer functions by means of Monte
Carlo simulation. A case study is considered to investigate the influence of the spatial correlation
length of the subsoil’s shear modulus and the foundation type of the building on the structural
response to ground vibration. A building with raft foundation and a building with individual
footings are considered excited by an incident wave field generated by a vertical point load at the
surface of the soil.
The imperfectly known local subsoil conditions influence the response of the building resulting in
uncertain modal characteristics for the coupled soil-structure system and in an uncertain incident
wave field. The two correlation lengths considered for the random field representing the shear
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modulus of the soil give almost identical mean transfer functions for the response of the building.
However, the uncertainty bounds of the transfer functions differ between the two cases with the
shorter correlation length leading to slightly lower uncertainty bounds. As the incident wave field
excites the building predominantly in the vertical direction, the vertical response of the building
is particularly sensitive to the uncertain incident wave field with the vertical response uncertainty
following a linear trend with respect to the frequency. The uncertainty on the lateral response of the
building is mostly due to the uncertain modal characteristics of the coupled soil-structure system
and to a lesser extent to the uncertain incident wave field. This uncertainty varies considerably
over frequency bands.
The uncertainty on the micro-scale variability of the local subsoil conditions can be neglected
for seismic SSI problems as the response in the frequency range up to 10Hz is practically de-
terministic. The building response uncertainty increases significantly at higher frequencies being
generally larger than the considered uncertainty on the soil’s shear modulus. The uncertainty
on the modal characteristics of the coupled soil-structure system shows that dynamic SSI can be
important at higher frequencies in the case of randomly heterogeneous soils even if the mean soil
stiffness is rather high. For reliable response predictions of buildings to environmental ground-
borne vibration the uncertain local subsoil conditions should be taken into account. This requires
additional laboratory and in situ tests to statistically characterize the subsoil properties at a fine
spatial resolution, however.
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